In this article, the flow problem in a thin liquid film of second grade fluid over an unsteady stretching surface is investigated. By means of suitable transformations, the governing nonlinear partial differential equation has been reduced to the nonlinear ordinary differential equation. The developed nonlinear equation is solved analytically by using the homotopy analysis method (HAM). An expression for analytic solution is derived in the form of a series. The convergence of the obtained series is shown explicitly through numerical computations. The effects of various parameters on the velocity components are shown through graphs and discussed. The values of the skin-friction coefficient for different emerging parameters are also tabulated.
Introduction
During the past few decades the flows of non-Newtonian fluids have acquired special attention because of their numerous technological applications: including plastic manufacture, performance of lubricants, application of paints, processing of food and movement of biological fluids. Specifically the flow of an incompressible non-Newtonian fluid over a stretching sheet has important industrial applications, for example in the extrusion of a polymer sheet from a die or in the drawing of plastic films. However, the non-Newtonian fluids cannot be described simply as of Newtonian fluids. Therefore in view of their diversity, several models of non-Newtonian fluids have been proposed. Amongst these the viscoelastic fluids have received special status from the researchers in the field. There is a simplest of the subclass of viscoelastic fluids namely the second grade for which one can hope to get an analytic solution. Since the pioneering work of Sakiadis [1, 2] , various aspects of the stretching problem involving Newtonian and non-Newtonian fluids have been extensively studied by several authors. Some most recent contributions in this direction may be mentioned in the references [3] [4] [5] [6] [7] [8] [9] [10] . All the above-mentioned studies concern with the steady flows induced by a stretching surface. Very little attention has been given to the unsteady flows over a stretching surface. Wang [11] discussed the hydrodynamic viscous flow of a thin liquid film over an unsteady stretching sheet. Later, several investigators [12] [13] [14] [15] [16] extended the Wang's analysis from various point of views, for example, rheological effects, heat transfer etc. Very recently, Wang [17] and Wang and Pop [18] discussed the viscous and power law fluids film on an unsteady stretching surface. In order to find the analytic solution, they used the homotopy analysis method in these studies. Motivated by these analyses, the objective of the present study is to investigate the two-dimensional flow in a non-Newtonian fluid film on an unsteady stretching surface. Constitutive equations for second grade fluid have been used. The arising nonlinear problem has been solved analytically by employing the homotopy analysis method (HAM). The HAM is a powerful, recently developed technique by Liao [19] [20] [21] [22] [23] [24] [25] which has already been successfully applied to several problems [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Finally, the obtained analytic solution has been sketched for the effects of various pertinent parameters and interesting observations have been pointed out.
Mathematical formulation
We consider the unsteady, incompressible and two-dimensional flow of a second grade fluid thin liquid film of uniform thickness h(t) that lies on the horizontal sheet as shown in Fig. 1 [13, 18] . The fluid motion within the film is induced by the stretching of the elastic sheet. The x-axis is taken along the stretching sheet with the slot as the origin and the y-axis is normal to the sheet in the outward direction towards the fluid.
The Cauchy stress tensor in a second grade fluid is [40] 
where p is the pressure, I is the identity tensor, µ the dynamic viscosity, α i (i = 1, 2) the material constants and the first two Rivlin-Ericksen tensors are
in which d/dt is the material time derivative and V is the velocity. Note that the Clausius-Duhem inequality is satisfied and Helmholtz free energy is minimum in equilibrium for the fluid locally at rest when [41] µ ≥ 0,
It should be noted that when α 1 = α 2 = 0, the constitutive equation of second grade fluid reduces to that of viscous fluid. Employing the above expressions, the equations which govern the unsteady boundary layer flow are:
in which ν is the kinematic viscosity, ρ is the fluid density and α 1 is the material parameter of second grade fluid, u and v are the velocity components in the x-and y-directions, respectively.
The relevant boundary conditions for the flow problem are [12] [13] [14] [15] [16] [17] [18] 
where U is the surface velocity of the stretching sheet and the flow is caused by stretching the elastic surface at y = 0 such that the continuous sheet moves in the x-direction with the velocity
Here a and b are positive constants with dimension (time) −1 . The expression (5) for the sheet velocity U (x, t) reflects that the elastic sheet, which is fixed at the origin, is stretched by applying a force in the positive x-direction. The effective stretching rate b/(1 − at) increases with time since a > 0. Note that Eq. (5) on which the analysis is based holds only for time t < 1/a. We define the following dimensionless transformations [15] 
and the stream function ψ(x, y) as
The continuity Eq. (1) is automatically satisfied and from Eqs. (2)- (8) one can write
Here S = a/b is the unsteadiness parameter, α = bα 1 /µ(1 − at) is the dimensionless second grade parameter and the primes indicate the differentiation with respect to η. Moreover, β is the dimensionless film thickness and denotes the value of η at the free surface so that Eq. (6) gives [15] 
Note that h(t) decreases monotonically when time increases and β is a constant depending only upon S [15] . Such scenarios have been discussed in detail in the references [13] [14] [15] [16] [17] [18] . The shear stress τ w on the surface of the thin liquid film sheet is
and the local skin-friction coefficient or frictional drag coefficient is
In dimensionless form we have
where R 1/2 e x = bx 2 /ν(1 − at) is the local Reynolds number. We will solve Eqs. (9) and (10) analytically using HAM in the next section.
Analytical solution
For the explicit HAM solution of Eqs. (9) and (10), it is straightforward to choose the initial approximation of f and auxiliary linear operator L as
satisfying
where C i , (i = 1, 2, 3) are arbitrary constants. Let p ∈ [0, 1] denote an embedding parameter andh a non-zero auxiliary parameter. We construct the following zeroth-order deformation problem
where we define a nonlinear operator
Following the procedure of reference [19] , the problem at the mth order satisfies
Using MATHEMATICA one can solve Eqs. (22) and (23) up to first few orders of approximations. In view of this, the solution of the problem is
where the coefficients a m,n of f m (η) for m ≥ 1, 0 ≤ n ≤ 4m + 3 are
, n ≥ 3,
The coefficients α m,n , β m,n , γ m,n , δ m,n and ω m,n , when m ≥ 1, 0 ≤ n ≤ 4m + 3 satisfy the following expressions 
For a detailed procedure of deriving the above relations the readers are referred to reference [14] . Using the above recurrence formulas, we can calculate all coefficients a m,n using only the first four (27) given by the initial guess approximation in Eq. (13) . The explicit, totally analytic solution is
Convergence of the HAM solution
The solution of the considered problem is analytically determined and given in Eq. (28) . In this section we show the convergence of the obtained solution numerically. Note that our series solution contains the auxiliary parameterh, which provides us with a simple way to control and adjust the convergence of the series. Following Liao [19] , one can check the range of the admissible values ofh by drawing the so-calledh-curves. For the present analysis theh-curves are plotted for 30th order of approximations in Fig. 2 . It is evident from Fig. 2 that the admissible range for the values ofh is −1.3 ≤h ≤ −0.2. It is also noted that the interval for the admissible values ofh increases on increasing the order of approximation. It is found that the series (28) converges in the whole region of η whenh = −0.8. Table 1 shows the convergence of the HAM solution for different order of approximations at α = 0.2, S = 0.5 and β = 1.
Results and discussion
In this section, Figs. 3 and 4 are prepared in order to see the effects of second grade parameter α and unsteadiness parameter S on the velocity components f and f . Also the variation of the skin-friction coefficient R 1/2 e x C f for the parameters α, β and S is given in Table 2 . Table 2 Values of skin-friction coefficient R In order to see the effects of α on the velocity profiles f and f , we plot Fig. 3(a) , (b). Fig. 3(a) depicts that f is a decreasing function of α. However, Fig. 3(b) shows that the velocity f initially decreases as α increases but after approximately η = 0.5, it increases. The change in f is small in comparison to f . The boundary layer thickness increases when α increases. Fig. 4(a), (b) give the influence of unsteadiness parameter S on f and f . It is noted from these figures that the velocities f and f are the increasing functions of S. The boundary layer thickness decreases for large values of S. Table 2 is made just to see the variation of skin-friction coefficient R 1/2 e x C f for various values of α and S and β = 1. It is observed that the magnitude of skin-friction coefficient is increased by increasing α. This table also indicates that the magnitude of the skin-friction coefficient decreases when S < 2, for S = 2 the skin-friction coefficient R 1/2 e x C f is equal to zero and for S > 2 it increases.
Concluding remarks
In this study, we propose HAM to discuss the flow over an unsteady stretching surface. The series solution of the highly nonlinear problem is established. The auxiliary parameterh provides us with a convenient way to adjust and control convergence region and rate of solution series. Moreover the effects of pertinent parameters are analysed on the velocity and skin friction. The corresponding HAM results for a viscous fluid which are yet not available in the literature can be obtained as a limiting case when α = 0.
